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Thermal frequency fluctuations in optical cavities limit the sensitivity of precision experiments
ranging from gravitational wave observatories to optical atomic clocks. Conventional modeling of
these noises assumes a linear response of the optical field to the fluctuations of cavity frequency.
Fundamentally, however, this response is nonlinear. Here we show that nonlinearly transduced
thermal fluctuations of cavity frequency can dominate the broadband noise in photodetection, even
when the magnitude of fluctuations is much smaller than the cavity linewidth. We term this noise
“thermal intermodulation noise” and show that for a resonant laser probe it manifests as intensity
fluctuations. We report and characterize thermal intermodulation noise in an optomechanical cavity,
where the frequency fluctuations are caused by mechanical Brownian motion, and find excellent
agreement with our developed theoretical model. We demonstrate that the effect is particularly
relevant to quantum optomechanics: using a phononic crystal Si3N4 membrane with a low mass,
soft-clamped mechanical mode we are able to operate in the regime where measurement quantum
backaction contributes as much force noise as the thermal environment does. However, in the
presence of intermodulation noise, quantum signatures of measurement are not revealed in direct
photodetection. The reported noise mechanism, while studied for an optomechanical system, can
exist in any optical cavity.
I. INTRODUCTION
Optical cavities are an enabling technology for preci-
sion experiments, including gravitational wave detection
[1], ultrastable lasers [2], cavity quantum electrodynam-
ics [3] and cavity optomechanics [4]. Depending on the
application, they can be exquisite detectors for perform-
ing quantum-limited measurements [5], or highly stable
frequency references for clock lasers [2]. In both cases,
performance is limited by fundamental thermodynamic
frequency fluctuations that exist in any cavity at finite
temperature, as a result of the Brownian motion of mir-
ror surfaces, fluctuations of the refractive index or ther-
moelastic effect [6, 7]. Minimizing these fluctuations has
played a key role in the design of interferometric gravita-
tional wave detectors [8], motivated the development of
crystalline mirror coatings [9], and cryogenic operation
of reference cavities for optical frequency metrology [10].
Thermal noises are particularly strong in optical cav-
ities at the micro- and nanoscale. High-finesse optical
microcavities are increasingly employed in a variety of
precision measurements, ranging from compact reference
cavities using crystalline microresonators [11–13] to pho-
tonic integrated microresonator based quantum optics
experiments [14–16] as well as optical frequency metrol-
ogy, where driven Kerr nonlinear microresonators pro-
duce octave spanning combs [17], whose carrier envelope
frequency is thermal noise limited [18]. In such micro-
cavities thermal fluctuations are particularly prominent,
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because of the small mode volume [19–21].
The conventional framework in which optical measure-
ments are described assumes a linear transduction of cav-
ity frequency fluctuations into the optical field, justified
by the frequency excursions being small compared to the
cavity linewidth. However, the nonlinearity of transduc-
tion is inherently present in any cavity and gives rise
to qualitatively new phenomena: It results in the con-
version of Gaussian fluctuations of cavity frequency into
non-Gaussian fluctuations of the optical field. When a
cavity is coupled to a quantum system, this phenomenon
been proposed for performing nonlinear quantum mea-
surements [22–24], which cannot be described within the
leading order perturbation theory [5]. At the same time
the nonlinear conversion of thermal frequency fluctua-
tions can impose qualitatively new constraints on a broad
range of precision experiments, which to date have not
been analyzed.
Here we report for the first time that the nonlinear
modulation of the optical field by thermal frequency fluc-
tuations can manifest as a broadband added noise in de-
tection. We refer to this noise as thermal intermodula-
tion noise (TIN), since it mixes different Fourier compo-
nents of cavity frequency fluctuations. This noise domi-
nates when the linearly transduced thermal fluctuations
are small, such as when detecting the intensity of near-
resonant optical probe. As it is the leading-order contri-
bution, TIN it is not necessarily negligible even when the
nonlinearity of cavity transduction is small.
We experimentally observe and study TIN in a
membrane-in-the-middle (MIM) optomechanical system
[25, 26] —a promising platform for room tempera-
ture quantum optomechanical experiments [27, 28]—and
find excellent agreement with our developed theoretical
model. Using a Si3N4 membrane resonator hosting a
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2high-Q and low mass soft-clamped mode [29, 30], we
operate at a nominal quantum cooperativity of unity,
i.e. in the regime where the linear measurement quan-
tum backaction (arising from radiation pressure quantum
fluctuations) is expected to overwhelm the thermal mo-
tion. This regime is required for a range of quantum
enhanced measurement protocols [31–33], or generation
of optical squeezed states [34, 35]. Yet, the nonlinearity
of our cavity prevents the observation of quantum corre-
lations between the field quadratures, and manifests itself
in TIN significantly above the shot noise (i.e. quantum
noise) level. Surprisingly, we find that TIN dominates
the fluctuations of the intensity of the optical field even
when the thermally induced frequency fluctuations are
substantially smaller than the cavity linewidth. Since
TIN is a coherent effect, it only requires the knowledge
of spectrum of cavity frequency fluctuations to be mod-
eled, and our experimental data is well matched by a
model with no free parameters.
We show that for a particular “magic” detuning from
the cavity TIN is fully cancelled in direct detection, and
propose a more general cancellation scheme suitable for
arbitrary detuning. Our observations, while made for an
optomechanical system, are broadly applicable, irrespec-
tive of the underlying thermal noise source. Thermal
intermodulation noise can be of relevance to any cavity
based measurement schemes at finite temperature.
II. THEORY OF THERMAL
INTERMODULATION NOISE
We begin by presenting the theory of thermal inter-
modulation noise with the assumption that the cavity
frequency fluctuations are slow compared to the opti-
cal decay rate. We concentrate on the lowest-order, i.e.
quadratic, nonlinearity of the cavity detuning transduc-
tion. We consider (as in our experimental setup) an op-
tical cavity with two ports, which is driven by a laser
coupled to port one. The output from port two is di-
rectly detected on a photodiode. In the classical regime,
i.e. neglecting vacuum fluctuations, the complex ampli-
tude of the intracavity optical field, a, and the output
field sout,2 can be found from the input-output relations
da(t)
dt
=
(
i∆(t)− κ
2
)
a(t) +
√
κ1 sin,1, (1)
sout,2(t) = −√κ2a(t), (2)
where sin,1 is the constant coherent drive amplitude,
∆(t) = ωL − ωc(t) is the laser detuning from the cav-
ity resonance, modulated by the cavity frequency noise,
and κ1,2 are the external coupling rates of ports one and
two (κ1 = κ2 in our case) and κ = κ1 + κ2. In the fast
cavity limit, when the optical field adiabatically follows
∆(t), the intracavity field is found as
a(t) = 2
√
η1
κ
L(ν(t)) sin,1, (3)
where we introduced for brevity the normalized detuning
ν = 2∆/κ, the cavity decay ratios η1,2 = κ1,2/κ and
Lorentzian susceptibility
L(ν) =
1
1− iν . (4)
Expanding L in Eq. 3 over small detuning fluctuations
δν around the mean value ν0 up to second order we find
the intracavity field as
a = 2
√
η1
κ
L(ν0)(1 + iL(ν0)δν − L(ν0)2δν2)sin,1. (5)
According to Eq. 5, the intracavity field is modulated
by the cavity frequency excursion, δν, and the frequency
excursions squared, δν2. If δν(t) is a stationary Gaussian
noise process, like typical thermal noises, the linear and
quadratic contributions are uncorrelated (despite clearly
not being independent). This is due to the fact that odd-
order correlations vanish for Gaussian noise,
〈δν(t)2δν(t+ τ)〉 = 0, (6)
where 〈...〉 is the time average, for an arbitrary time delay
τ . Next, we consider the photodetected signal, which, up
to a conversion factor, equals the intensity of the output
light and is found to be
I(t) = |sout,2(t)|2 ∝
|L(ν0)|2
(
1− 2ν0
1 + ν20
δν(t) +
3ν20 − 1
(1 + ν20)
2
δν(t)2
)
. (7)
Notice that δν(t) and δν(t)2 can be distinguished by their
detuning dependence. The linearly transduced fluctua-
tions vanish on resonance (ν0 = 0), where ∂L/∂ν = 0.
Similarly, when ∂2L/∂ν2 = 0, the quadratic frequency
fluctuations vanish, and thus also the thermal intermod-
ulation noise. We refer to the corresponding detuning
values,
ν0 = ±1/
√
3, (8)
as “magic”. In the following experiments, we will make
measurements at ν0 = −1/
√
3 and ν0 = 0 to indepen-
dently characterize the spectra of δν(t) and δν(t)2, re-
spectively.
The total spectrum [36] of the detected signal, I(t), is
an incoherent sum of the linear term given by,
Sνν [ω] =
∫ ∞
−∞
〈δν(t)δν(t+ τ)〉eiωτdτ, (9)
and the quadratic term, which for Gaussian noise can be
found using Wick’s theorem [37]
〈δν(t)2δν(t+ τ)2〉 = 〈δν(t)2〉2 +2〈δν(t)δν(t+ τ)〉2, (10)
as
S(2)νν [ω] =
∫ ∞
−∞
〈δν(t)2δν(t+ τ)2〉eiωτdτ =
2pi〈δν2〉2δ[ω] + 2× 1
2pi
∫ ∞
−∞
Sνν [ω
′]Sνν [ω − ω′]dω′,
(11)
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FIG. 1. Physical mechanism of optomechanical thermal in-
termodulation noise. a) Transduction of the oscillator’s mo-
tion to the phase (upper panel) and amplitude (lower panel)
quadratures of resonant intracavity light. b) Spectra of linear
(upper panel) and quadratic (lower panel) position fluctua-
tions of a multimode resonator, showing the emergence of
wideband noise. c) Experimental setup in which TIN is stud-
ied consisting of a membrane-in-the-middle optomechanical
system. PM/AM: Phase/amplitude modulator. ESA: Elec-
tronic spectrum analyzer.
where δ[ω] is the Dirac delta function.
III. BROWNIAN INTERMODULATION NOISE
In an optomechanical cavity, the dominant source of
cavity frequency fluctuations is the Brownian motion of
mechanical modes coupled to the cavity,
δν(t) = 2
G
κ
x(t), (12)
where G = −∂ωc/∂x is the linear optomechanical cou-
pling constant, and x is the total resonator displacement,
i.e. the sum of independent contributions xn of different
mechanical modes (the effect of the finite cavity mode
waist is treated in Appendix E). The spectrum of the
Brownian frequency noise is then found to be
Sνν [ω] =
(
2G
κ
)2∑
n
Sxx,n[ω], (13)
where Sxx,n[ω] are the displacement spectra of individ-
ual mechanical modes (see Appendix E for more details).
The thermomechanical frequency noise given by Eq. 13
produces TIN which contains peaks at sums and differ-
ences of mechanical resonance frequencies and a broad-
band background due to the off-resonant components of
thermal noise, as illustrated in Fig. 1b. The magnitude
of the intermodulation noise is related to the quadratic
spectrum of the total mechanical displacement, S
(2)
xx , as
S(2)νν = (2G/κ)
4S(2)xx . (14)
A reservation needs to be made: the theory presented
in Sec. II is only strictly applicable to an optomechani-
cal cavity when the input power is sufficiently low, such
that the driving of mechanical motion by radiation pres-
sure fluctuations created by the intermodulation noise is
negligible; otherwise the fluctuations of x(t) and δν(t)
may deviate from purely Gaussian and correlations exist
between δν(t) and δν(t)2. On a practical level, this reser-
vation has minor significance for our experiment. Also,
the presence of linear dynamical backaction of radiation
pressure does not change the results of Sec. II but does
modify Sxx.
Thermal intermodulation noise can preclude the ob-
servation of linear quantum correlations, which are in-
duced by the vacuum fluctuations of radiation pressure
between the quadratures of light and manifest as pon-
deromotive squeezing [34, 35], Raman sideband asym-
metry [38] and the cancellation of shot noise in force
measurements [32, 33]. The observation of quantum cor-
relations typically requires selecting a mechanical mode
with high quality factor, Q, a spectral neighbourhood free
from other modes, and a high optomechanical coupling
rate. If TIN is taken into account, simply increasing the
quantum cooperativity is not sufficient, and the following
condition also needs to be satisfied:
Cq
(g0
κ
)2
Γmn¯th
S
(2)
xx [ω]
x4zpf
 1. (15)
Here Cq = 4g
2
0n¯c/(κΓmn¯th) & 1 is the quantum coop-
erativity, g0 = G
√
~/(2meffΩm), n¯c is the intracavity
photon number. The selected mechanical mode is char-
acterized by the resonance frequency Ωm, the damping
rate Γm, the effective mass meff and the thermal phonon
occupancy n¯th = ~Ωm/(kBT ). From the condition given
by Eq. 15, one can immediately observe that by reduc-
ing the mechanical dissipation and g0/κ, one can keep the
quantum cooperativity constant while lowering the inter-
modulation noise. The engineering of the mode spectrum
to reduce S
(2)
xx at the desired frequency might also be a
fruitful approach.
The nonlinearity of the cavity-laser detuning response,
which produces TIN, modulates the optical field propor-
tional to x2 in a way analogous to, but not equivalent to,
quadratic optomechanical coupling, ∂2ωc/∂x
2. It was
noticed that the cavity transduction commonly results
in effective quadratic coupling which is orders of magni-
tude stronger than the highest experimentally reported
∂2ωc/∂x
2 (in terms of the optical signal proportional to
x2 [23]). In Appendix C, it is shown that the same is
true in the MIM system. Here, the quadratic signal orig-
inating from nonlinear transduction, which creates the
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FIG. 2. Observation of optomechanical thermal intermodulation noise. a), b) and c) show measurements for a membrane-in-the
middle cavity with a 2 mm square membrane. a) Cavity reflection signal as the laser is scanned over two resonances, with low
(left) and high (right) optomechanical coupling. b) Dependence of resonant RIN, averaged over 0.6 − 1.6 MHz, on the input
power. Parameters: κ/2pi = 9.9 MHz, g0/2pi = 84 Hz for the fundamental mode. The interval of ± one standard deviation
around the mean is shaded gray. c) Dependence of the average RIN in a 0.6− 1.6 MHz band on g0/κ. d) Detuning noise of a
MIM cavity with a 1 mm square membrane, κ/2pi = 26.6 MHz and g0/2pi = 330 Hz for the fundamental mode, measured at
the laser detuning 2∆/κ ≈ −1/√3. e) Resonant RIN measured under the same conditions as in (d) but at ∆ = 0.
intermodulation noise, is larger than the signals due to
nonlinear optomechanical coupling, ∂2ωc/∂x
2, by a fac-
tor of rF , where r is the membrane reflectivity and F is
the optical finesse.
IV. EXPERIMENTAL OBSERVATION OF
THERMAL INTERMODULATION NOISE
Our experimental setup, shown in Fig. 1c, comprises a
membrane-in-the-middle cavity, consisting of two high-
reflectivity mirrors and a chip with high-stress stoi-
chiometric Si3N4 membrane sandwiched directly between
them. The MIM cavity is situated in a vacuum chamber
at room temperature and probed in transmission. See
Appendix A for more details.
A. Intermodulation noise in a cavity with a
uniform membrane
We first characterize the TIN in cavities with 20 nm-
thick uniform square membranes of different sizes. The
optomechanical cooperativity was kept low in order to
eliminate dynamical backaction of the light; achieved by
increasing the vacuum pressure and keeping the mechan-
ical modes gas damped to Q ∼ 103. The reflection sig-
nals of two resonances of a MIM cavity with a 2 mm
membrane are presented in Fig. 2a. The resonances have
similar optical linewidths (about 15 MHz) but their op-
tomechanical coupling is different by a factor of ten. The
resonance with high coupling (g0/2pi = 150 Hz) shows
clear signatures of thermal noise. For this resonance the
total r.m.s. thermal frequency fluctuations are expected
to be around 2 MHz, which is still well below the cavity
linewidth, κ/2pi = 16 MHz.
Thermal fluctuations of the reflection signal are clearly
observed in the right panel of Fig. 2a even when the laser
is resonant with the cavity. This is not expected in lin-
ear optomechanics, where the mechanical motion only
modulates the phase of a resonant laser probe. Typical
spectra of the detected noise are shown in Fig. 2d for a
cavity with a different, 1 mm, square membrane. With
the laser detuned from the cavity resonance (close to the
“magic” detuning, ν0 ≈ −1/
√
3), the transmission sig-
nal is dominated by the Brownian motion of membrane
modes transduced by the cavity (shown in Fig. 2d), in
agreement with the prediction of linear optomechanics.
The magnitude of thermomechanical noise is gradually
reduced at high frequencies due to the averaging of mem-
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FIG. 3. Comparison of theoretical and experimental fre-
quency and resonant intensity noises. a) Detuning fluctuation
and b) relative intensity noise spectra produced by the modes
of a 20-nm thick, 0.3 mm, rectangular, Si3N4 membrane. Red
shows experimental data and blue is the theoretical predic-
tion.
brane mode profiles [39, 40] over the cavity waist, until
it meets shot noise at around 15 MHz. With the laser on
resonance, from linear optomechanics it is expected that
the output signal is shot noise limited. However, the
experimental signal (shown in Fig. 2e) contains a large
amount of thermal noise—at an input power of 5 µW the
classical RIN exceeds the shot noise level by about 25 dB
at MHz frequencies. The spectrum of the resonant RIN
is different from the spectrum of detuning fluctuations,
owing to the nonlinear origin of the noise. At high fre-
quency, the RIN level approaches shot noise, as verified
by the optical power dependence (see Appendix A).
An unambiguous proof of the intermodulation origin
of the resonant intensity noise is obtained by examining
the scaling of the noise level with G/κ. In thermal equi-
librium, the spectral density of frequency fluctuations,
δν(t), created by a particular membrane is proportional
to (G/κ)2, and therefore the spectral density of intermod-
ulation noise is expected to be proportional to (G/κ)4.
We confirm this scaling by measuring the resonant inten-
sity noise for different optical resonances of a cavity with
a 2 mm membrane and present in Fig. 2b the average
noise magnitude as a function of g0/κ, where g0 is the
optomechanical coupling of the fundamental mode. By
performing a sweep of the input laser power on one of the
resonances of the same cavity we show (see Fig. 2b) that
the resonant intensity noise level is power-independent
and therefore the noise is not related to radiation pres-
sure effects.
The TIN observed in our experiments agrees well with
our theoretical model. By calculating the spectrum of to-
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FIG. 4. Microscope images of PnC membranes (top) and
ringdowns of their soft-clamped, localized modes (bottom).
a) 3.6 mm×3.3 mm×40 nm, with a localized mode at 853 kHz,
b) 2 mm×2 mm×20 nm membrane with a localized mode at
1.46 MHz.
tal membrane fluctuations according to Eq. 13 and apply-
ing the convolution formula from Eq. 11 (see Appendix E
for full details), we can accurately reproduce the observed
noise. In Fig. 3, we compare the measured detuning and
intensity noise spectra with the theoretical model. Here,
we assume that the damping rates of all the membrane
modes are identical, as the experiment is operated in the
gas-damping-dominated regime. While this model is not
detailed enough to reproduce all the noise features, it ac-
curately reproduces the overall magnitude and the broad-
band envelope of the intermodulation noise observed in
the experiment.
We would like to address two potential confounding
effects: laser frequency noise and dissipative coupling.
The intensity noise of the laser was below 10−12 Hz−1
for frequencies above 100 kHz and therefore negligible in
all resonant RIN measurements. In the same frequency
range, the frequency noise of the laser is below 1 Hz2/Hz,
which is, again, much lower than the thermomechanical
noise. For more details on the extraneous noises see Ap-
pendix A. As dissipative coupling leads to the modulation
of optical linewidth by mechanical position, it could also
potentially explain intensity noise in a resonant optical
field. Although dissipative coupling is generally present
in MIM cavities [40], the magnitude of this noise is ex-
pected to be orders of magnitude below that measured in
our experiments (see Appendix D). Moreover, dissipative
coupling cannot explain the observed scaling of resonant
RIN (∝ (G/κ)4) and the absence of correlation between
the RIN level and the excess optical loss added by the
membrane.
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B. Thermal intermodulation noise caused by a
soft-clamped phononic crystal membrane
Localized (“soft-clamped”) defect modes in stressed
phononic crystal (PnC) resonators can have quality fac-
tors in excess of 108 at room temperature due to en-
hanced dissipation dilution [29, 41]. Owing to their
high Q and low effective mass, which result in low ther-
mal force noise, SFF,th = 2kBTmeffΓm, these modes are
promising for quantum optomechanics experiments [42].
In Fig. 4a and b we present Si3N4 PnC membranes with
soft-clamped modes optimized for low effective mass and
high Q. The phononic crystals are formed by the hexago-
nal pattern of circular holes introduced in Ref. [29], which
creates a bandgap for flexural modes. The phononic crys-
tal is terminated to the silicon frame at half the hole radii
in order to prevent mode localization at the membrane
edges—such modes have low Q and can have frequencies
within the phononic bandgap, contaminating the spec-
trum. Fig. 4a shows a microscope image of a resonator
with a trampoline defect, featuring meff = 3.8 ng and
Q = 1.65 × 108 at 0.853 MHz, corresponding to a ther-
mal force noise SFF,th = 13 aN/
√
Hz. Another resonator,
shown in Fig. 4b, is a 2 mm phononic crystal membrane
with a defect engineered to create a single mode localized
in the middle of the phononic bandgap. The displayed
sample has Q = 7.4 × 107 at 1.46 MHz and meff = 1.1
ng, corresponding to SFF,th = 34 aN/
√
Hz.
The phononic bandgap spectrally isolates soft-clamped
modes from the thermomechanical noise created by the
rest of the membrane spectrum. Nevertheless, when a
PnC membrane is incorporated in a MIM cavity the en-
tire multitude of membrane modes contributes to the
TIN even within bandgap frequencies, as TIN is produced
by a nonlinear process. Fig. 5a shows the spectrum of
light transmitted through a resonance of membrane-in-
the-middle cavity with g0/2pi = 0.9 kHz for the soft-
clamped mode, κ/2pi = 34 MHz and C0 = 2.5. The noise
at bandgap frequencies is dominated by TIN, which ex-
ceeds the shot noise by four orders of magnitude. The
spectrum also shows a dispersive feature in the middle of
the bandgap, which is a signature of classical correlations
due to the intracavity TIN exciting the localized mechan-
ical mode. The mechanical resonator in this case is a
2 mm square PnC membrane with the patterning shown
in Fig. 4b, but made of 40 nm-thick Si3N4 . The mem-
brane has a single soft-clamped mode with Q = 4.1×107
at 1.55 MHz, as characterized immediately before insert-
ing the membrane in the cavity assembly. The input
power in the measurement was 100 µW after correcting
for spatial mode matching, which corresponds to a nom-
inal Cq ≈ 1. The shot noise level was calibrated in a
separate measurement by directing an independent laser
beam on the detector.
We next present in Fig. 5b the dependence of the
bandgap noise level on the laser detuning, measured on
a different optical resonance of the same MIM cavity and
at lower input power. The measurement shows that the
in-bandgap excess noise is dominated by TIN at all de-
tunings except for the immediate vicinity of the “magic”
detuning ν0 = −1/
√
3. Around ν0 = −1/
√
3 the ex-
cess noise is consistent with the substrate noise of an
empty cavity (see Appendix A). The total noise level is
well fitted by our model that includes both Sνν and S
(2)
νν
contributions to the detected signal and accounts for the
radiation pressure cooling (full details are given in Ap-
pendix F). In the measurement in Fig. 5b g0/2pi = 360
Hz for the localized mode, κ/2pi = 24.8 MHz and the
input power was 30 µW.
Notice that the intensity of the detected light in our
7measurement is proportional to the intensity of the intra-
cavity field. Therefore, the suppresion of TIN at magic
detuning necessarily implies the suppression of the cor-
responding radiation pressure noise, which can lead to
classical heating of the mechanical oscillator and thereby
limit the true quantum cooperativity.
V. A SCHEME TO CANCEL
INTERMODULATION NOISE IN DETECTION
The existence of a “magic” detuning at which TIN
is canceled in direct detection hints at a more general
scheme. We show next that TIN can be removed from
the measurement of an arbitrary optical quadrature at
arbitrary cavity detuning by an appropriate choice of lo-
cal oscillator in single-port homodyne detection. Single-
port homodyning is a quantum-limited detection scheme
if the signal beam is combined with local oscillator on a
highly asymmetric beamsplitter.
Keeping terms up to the second order in δν, the com-
plex amplitude of the optical field, s, in front of the pho-
todetector of single-port homodyne is given by
s = s0 + s1 δν + s2 δν
2, (16)
where s1 ∝ L′(ν0), s2 ∝ L′′(ν0). The carrier, s0 = reiθ,
can be set arbitrarily by an appropriate choice of the
local oscillator phase and amplitude. The photocurrent
is found as
I = |s0|2+(s∗0s1+s0s∗1)δν+(s∗0s2+s0s∗2+|s1|2)δν2. (17)
At a given detection quadrature θ, it is always possible
to null the coefficient in front of the quadratic term, δν2,
by choosing the local oscillator such that
r = −|s1|2/(e−iθs2 + eiθs∗2). (18)
In this way the quadratic signal is absent from the mea-
surement record and the nonlinearity of cavity transduc-
tion is in effect canceled by the nonlinearity of photode-
tection.
VI. RELATION TO NONLINEAR QUANTUM
MEASUREMENTS
When a cavity is used as a meter to perform measure-
ments on quantum systems [5], the intracavity photon
number, nˆc, is coupled to an observable of the system, xˆ,
by means of the interaction Hamiltonian
Hˆint = ~ωc(xˆ) nˆc, (19)
where ωc is the cavity frequency. The detected vari-
able of the meter is the propagating optical field. If
coupling between the system and the meter is weak,
the only way of performing nonlinear measurements, i.e.
the measurement of xˆ2, is creating non-linear coupling
ωc ∝ x2 [43, 44]. In quantum optomechanics, where the
microscopic system is a harmonic oscillator and x is its
position, quadratic measurements allow quantum non-
demolition measurements of the oscillator energy [45].
Such measurements can be used for the observation of
phononic jumps [43, 44], phononic shot noise [46], and
the creation of mechanical squeezed states [47] if the ef-
fects of linear measurement backaction are kept small
[23, 43]. While considerable efforts have been dedicated
to realizing nonlinear optomechanical coupling, achiev-
able coupling rates remain modest [25, 48], and the cor-
responding experiments so far have been deeply in the
classical regime.
A different path towards non-linear measurements [22]
opens as the sensitivity of meter is increased, for exam-
ple by increasing the finesse of optical cavity. Eventually
measurements enter the regime when the information is
still obtained gradually, but the first order perturbation
theory [49] is not sufficient to describe the measurement
process [50]. In this regime, nonlinear measurements are
possible with linear coupling, ωc ∝ x, which was exper-
imentally demonstrated [23, 24], yet in the classical do-
main. At the same time it was shown in [23], and as
we also show in this work (see Appendix C), that under
quite typical experimental conditions the nonlinearity of
cavity as a meter is orders of magnitude stronger than
the nonlinearity due to quadratic coupling. Notably, it
crucially requires the cavity being coupled to the propa-
gating field, and does not have an equivalent in a closed
system of a mechanical oscillator coupled to an isolated
optical mode [51].
VII. CONCLUSIONS AND OUTLOOK
We have presented the observation and characteri-
zation of a previously unreported broadband thermal
noise, TIN, which originates in optical cavities from the
quadratic transduction of frequency noise. Although pro-
duced by cavity frequency fluctuations, TIN is not cor-
related with them (neglecting radiation pressure effects)
and therefore in many ways behaves as an independent
noise. The key qualitative feature of TIN is that it creates
intensity fluctuations in an optical field resonant with the
cavity. The TIN magnitude grows quadratically with the
ratio of r.m.s. thermal frequency fluctuations by the opti-
cal linewidth, and therefore it strongly affects high-finesse
optical cavities with large frequency fluctuations, such as
micro-cavities at room temperature.
Thermal intermodulation noise in optomechanical ex-
periments can be avoided by using cavities with low fi-
nesse (equivalently, low g0/κ), and by coupling them to
mechanical resonators with lower total thermal fluctu-
ations, i.e. which have fewer mechanical modes, higher
frequency, and higher Q for all modes. The latter consid-
eration could make the fundamental modes of mechan-
ical resonators (e.g. low-mass trampolines [52]) seem
preferable compared to high-Q but high-order PnC defect
8soft-clamped modes. In this context, a newly proposed
method of exploiting self-similar structures as mechani-
cal resonators with soft-clamped fundamental modes [53]
could potentially be fruitful for overcoming TIN. Another
way of reducing the TIN is laser cooling of mechanical
motion, either by dynamical backaction of a red-detuned
beam or by active feedback. In this case, however, all me-
chanical modes that contribute to the total cavity noise
must be efficiently cooled, which could be technically
challenging.
The raw measurement data, analysis scripts and mem-
brane designs are available in [54].
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Appendix A: Experimental details
Our experimental setup, as shown in Fig. 1c, comprises
a membrane-in-the-middle cavity, consisting of two high-
reflectivity, dielectric mirrors with 100 ppm transmission
and a 200 µm-thick silicon chip which is sandwiched di-
rectly between the mirrors and hosts a suspended high-
stress stoichiometric Si3N4 membrane. The total length
of the cavity is around 350 µm, the cavity beam waist
for the TEM00 mode is about 35 µm. The MIM cavity is
situated in a vacuum chamber at room temperature and
probed using a Ti:Sa or a tunable external cavity diode
laser at a wavelength around 840 nm, close to the max-
imum reflectivity wavelength of the mirrors. A Ti:Sa
laser was used in all the thermal noise measurements,
whereas a diode laser was used for characterization of
optical linewidths. The measurement signal was gener-
ated by direct detection of the light transmitted through
the cavity on an avalanche photodiode. The reflected
light, separated using a circulator, was used for Pound-
Drever-Hall (PDH) locking of the Ti:Sa frequency. The
one-sided spectra [36] of signals were detected in trans-
mission and calibrated either as relative intensity noise
(RIN) or as effective cavity detuning fluctuations, S∆,
with the help of calibration tones applied to the ampli-
tude or phase quadratures of the laser, respectively. Op-
tomechanical vacuum coupling rates, g0, were measured
using frequency noise calibration as described in Ref. [55].
The characterization of TIN in Sec. IV A was per-
formed using 20 nm-thick, square membranes with differ-
ent side lengths as mechanical resonators. The insertion
of a membrane into the cavity resulted in excess loss for
most of the optical resonances. Nevertheless, for some
resonances, the optical quality factors were reduced by
only 10% (a typical variation of optical loss with wave-
length is shown in Fig. 6c). The optomechanical coop-
erativity was kept low during the noise measurements to
eliminate dynamical backaction of the light (damping or
amplification of mechanical motion). For this purpose
the residual pressure in the vacuum chamber was kept
high, 0.22 ± 0.03 mBar, such that the quality factors of
the fundamental modes of the membranes were limited
by gas damping to Q ∼ 103. The negligibility of dynam-
ical backaction is verified by the data in Fig. 6a and b,
which shows that the resonant RIN is constant when the
input power is changed by two orders of magnitude. The
spectra in Fig. 6a, taken at different powers, also show
that at high frequencies (greater than 15 MHz), the shot
noise is dominant within the measurement power range,
which justifies the estimate of the shot noise levels in
Fig. 2d and e.
In all measurements, the classical intensity noise of
the Ti:Sa laser (shown in Fig. 6e) was more than an or-
der of magnitude below the resonant RIN of MIM cav-
ities for frequencies above 100 kHz. The classical fre-
quency noise of the laser is below 1 Hz2/Hz for frequen-
cies above 100 kHz (see the supplementary information
of [32]), which is at least an order of magnitude below the
thermal detuning noise of an empty Fabry-Perot cavity
(assembled using a silicon chip without a membrane as a
spacer) as shown in Fig. 7a. Additionally, we did not ob-
serve any significant effect of the laser lock performance
on the magnitude of TIN, which indicates that the up-
conversion of detuning noise from low frequencies (below
100 kHz), where the laser noise is largest, contributes
negligibly to the TIN in our cavities.
The measurements with PnC membrane presented in
Sec. IV B were made using the same setup shown in
Fig. 1c, but in this case the vacuum pressure was kept
below 5 × 10−7 mBar in order to eliminate gas damp-
ing. The insertion of a PnC membrane in a MIM cavity
typically resulted in a somewhat larger excess optical loss
than the insertion of a rectangular membrane. The excess
optical loss was estimated to be 300 ppm per roundtrip
for the cavity resonance in Fig. 5a, and 150 ppm for the
resonance in Fig. 5b. For taking the data in Fig. 5b,
the detuning of the laser from the cavity resonance was
controlled by and inferred from the locking offset. For
detunings greater than 2∆/κ ≈ 0.5, where the PDH er-
ror flips sign, side of the line locking was used instead
of PDH. The bandgap noise was averaged over a 35 kHz
band indicated in Fig. 5a.
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FIG. 6. Thermal noises in direct detection, classical laser noise and the variation of optical quality factors with wavelength.
a) Spectra of resonant relative intensity noise for a 2 mm square unpatterned membrane (resonance wavelength 837.7 nm,
g0/2pi = 84 Hz, κ/2pi = 9.9 MHz) at different input powers. The inset shows the same plot zoomed in at low frequencies. The
RIN levels plotted in Fig. 2b of main manuscript are averaged over the frequency range shaded gray. b) A reproduction of the
average RIN from Fig. 2b of main text. c) Green points—measured linewidths of different optical resonances of MIM cavity
with a 2mm×2mm×20nm unpatterned membrane, the dashed line is a guide to eye. Orange line—linewidth of an empty cavity
with the same length. d) Low frequency zoom-in of the data in Fig. 2 of the main text. e) Relative intensity noise of the Ti:Sa
laser used in the experiments, measured at 1 mW power.
Fig. 7b shows an overlap of the detuning fluctuations
spectra taken for an empty cavity and a cavity with
PnC membrane at magic detuning, which shows an al-
most perfect coincidence of the extraneous noise levels.
The MIM data corresponds to one of the minimum noise
points in Fig. 5b of the main text and the membrane pa-
rameters can be found in the corresponding description.
The uncertainty of the empty cavity noise indicated in
Fig. 5b by a band comes from the fine structure of the
noise peaks, which makes the exact level dependent on
the selection of integration band.
Appendix B: Membrane fabrication
Patterned and unpatterned membrane samples are fab-
ricated on the same 100 mm wafer. Stoichiometric, high
stress Si3N4 is grown by low pressure chemical vapor de-
position (LPCVD) on both sides of a 200 µm-thick silicon
wafer. The initial deposition stress is estimated a pos-
teriori from the observation of membrane resonant fre-
quencies, and varies in the range 900-1100 MPa, changing
slightly with deposition run.
The fabrication process relies on bulk wet etching of
silicon in KOH through the whole wafer thickness, to
create openings for optical access to the membrane sam-
ples [29, 52, 56]. The extremely high selectivity of Si3N4
to Si during KOH etching allows the use of the back-
side nitride layer as a mask, to define the outline of the
membranes on the frontside.
Initially, the frontside nitride (Si3N4) layer is patterned
with h-line photolithography and CHF3/SF6-based reac-
tive ion etching (RIE) (steps 2-3 of figure 8). The pho-
toresist film is then stripped with a sequence of hot N-
Methyl-2-pyrrolidone (NMP) and O2 plasma; this proce-
dure is carefully repeated after each etching step. The
frontside nitride layer is then protected by spinning a
thick layer of negative-tone photoresist (MicroChemicals
AZ®15nXT), prior to flipping the wafer and beginning
the patterning of membrane windows on the backside ni-
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FIG. 7. a) Spectrum of thermal detuning fluctuations due to the substrate noise, measured for a Fabry-Perot cavity without
membrane. b) Substrate noise overlapped with a trace from detuning sweep presented in Fig. 5b of the main text corresponding
to 2∆/κ = −0.51.
tride layer (steps 4-5). We noticed a reduction in the oc-
currence of local defects and increased overall membrane
yield when the unreleased membranes on the frontside
were protected from contact with hot plates, spin-coaters
and plasma etcher chucks. The backside layer is then pat-
terned with membrane windows, in a completely analo-
gous way. The exposure step requires a wafer thickness-
dependent rescaling of membrane windows, to account
for the slope of slow-etching planes in KOH, and careful
alignment with frontside features.
After stripping the photoresist, the wafer is installed
in a PTFE holder for the first wet etching step in KOH
at ≈ 75 ◦C (step 6). The holder clamps the wafer along
its rim, sealing off the wafer frontside with a rubber O-
ring, while exposing the backside to chemical etching by
KOH. This procedure is necessary to ensure that PnC
membranes are suspended correctly: we noticed that re-
leasing PnC samples by etching from both sides of the
wafer produced a large number of defects in the phononic
crystal, probably due to the particular dynamics of un-
dercut and stress relaxation in the film. The wafer is
etched until 30-40µm of silicon remain, ensuring a suf-
ficient sturdiness of the samples during the subsequent
fabrication steps. The wafer is then removed from the
KOH bath and the PTFE holder, rinsed and cleaned in
concentrated HCl at room temperature for 2 hours [57].
Subsequently, the wafer is coated with thick, protective
photoresist and diced into 8.75 mm× 8.75 mm chips, and
the remainder of the process is carried on chip-wise. The
chips are cleaned again with hot solvents and O2 plasma,
and the membrane release is completed by exposing the
chips to KOH from both sides (step 7). The temperature
of the solution is lowered (≈ 55− 60 ◦C), to mitigate the
perturbation of fragile samples by buoyant N2 bubbles,
byproducts of the etching reaction. After the undercut
is complete, the samples are carefully rinsed, cleaned in
HCl, transferred to an ethanol bath and gently dried in
a critical point dryer (CPD).
Appendix C: Quadratic mechanical displacement
transduction by the optical cavity versus quadratic
optomechanical coupling
Nonlinear cavity transduction can produce signals
quadratic in mechanic displacement which are orders
of magnitude stronger than previously experimentally
demonstrated quadratic coupling arising from ∂2ωc/∂x
2
terms [23]. Below we derive the classical dynamics of the
optical field in an optomechanical cavity taking into ac-
count terms that are quadratic in displacement. We show
that in a membrane-in-the-middle cavity, the quadratic
signals originating from nonlinear transduction are rF
larger than the signals due to the nonlinear optomechan-
ical coupling, ∂2ωc/∂x
2.
The fluctuations of ν due to the mechanical displace-
ment are given by
δν(t) ≈ 2G
κ
x(t) +
G2
κ
x(t)2, (C1)
where G = −∂ωc/∂x and G2 = −∂2ωc/∂2x are the linear
and quadratic optomechanical coupling, respectively, and
the total displacement x consists of partial contributions
of different modes xn
x(t) =
∑
n
xn(t). (C2)
For a resonant laser probe we can find the intracavity
field as
a(t) ≈ 2
√
η1
κ
(1− iν(t)− ν(t)2)sin,1 =
2
√
η1
κ
(
1− 2iG
κ
x(t)−
((
2
G
κ
)2
+ i
G2
κ
)
x(t)2
)
sin,1.
(C3)
It is instructive to compare the magnitudes of the two
contributions to the prefactor of x(t)2. The typical value
for G (assuming the membrane is not very close to one
of the mirrors) is
G ∼ 2rωc
lc
, (C4)
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FIG. 8. Main steps of the fabrication process. Magenta -
Si3N4; gray - Si; green - photoresist.
while the typical value for G2 is [25]
G2 ∼ 4rω
2
c
c lc
, (C5)
where c is the speed of light, r is the membrane reflec-
tivity and lc is the cavity length. The ratio of the two
contributions is evaluated as(
2
G
κ
)2/(
G2
κ
)
∼ Fr. (C6)
As the cavity finesse F is typically large, on on the order
of 103 to 105, and the membrane reflectivity r is between
0.1 and 0.5, we conclude that linear optomechanical cou-
pling needs to extremely well suppressed in order for the
quadratic coupling G2 to contribute.
Appendix D: Dissipative coupling
In an optomechanical membrane-in-the-middle cavity
dissipative coupling, ∂κ/∂x, exists in addition to the dis-
persive coupling, ∂ωc/∂x. Dissipative coupling modu-
lates the optical decay rate, both external coupling and
intrinsic loss, and can potentially produce intensity noise
in a resonantly locked probe laser. However, for the pa-
rameters of our experiment the dissipative coupling is
negligible.
The noise due to dissipative coupling can be upper-
bound as follows. The cavity linewidth cannot change by
more than κ as the membrane is translated by λ inside
the cavity, and therefore the dissipative coupling rate is
limited by
∂κ
∂x
. κ
λ
=
1
F
ωc
2lc
∼ GF , (D1)
where in the last transition it was assumed that the mem-
brane reflectivity is of order unity.
The resonant intracavity field modulated by dissipative
coupling is given by
a(t) ≈ 2
√
η1
κ
(
1− 1
2κ
∂κ
∂x
x(t)
)
sin,1. (D2)
Comparing to Eq. C3, we find that the noise produced
by dissipative coupling is negligible compared to the in-
termodulation noise if
G
κ
x 1F . (D3)
In all the experiments presented in this work this condi-
tion is satisfied, Gx/κ ranges from 10−3 to 10−1, whereas
1/F is always less than 10−4.
Appendix E: Details of TIN modeling
For an optomechanical system, the cavity resonance fre-
quency shifts due to a displacement field ~u(~r) is, to the
first order in ~u(~r), given by [55]
∆ωc
ωc
=
1
2
∫ | ~E(~r)|2∇(~r) · ~u(~r)∫ | ~E(~r)|2(~r) (E1)
where (~r) is the dielectric constant. For membrane in
the middle systems, the gradient of the dielectric con-
stant is nonzero only on the boundaries of the membrane
slab. Therefore, the resonance frequency shift and corre-
spondingly the linear optomechanical coupling constant
(G) is simply proportional to the average of the displace-
ment field over the cavity mode shape at the position of
the membrane. Hence, the optomechanical coupling con-
stant for different flexural modes of a membrane can be
written in the form Gn = ηn ·G, where n is an index run-
ning over the mechanical modes, G is a constant and ηn
are the overlap factors, proportional to the average of the
mode shape on the cavity mode. For a membrane (in the
x-y plane) with flexural modes {un(x, y)}, by choosing G
to be equal to the coupling constant for the fundamental
mode (G1) the overlap factors have the form
ηn =
∫
un(x, y)I(x, y) dxdy∫
u1(x, y)I(x, y) dxdy
, (E2)
where u1 denotes the fundamental mode and I(x, y) =
| ~E(x, y)|2 is the cavity mode shape. For the TEM00 mode
of a Fabry-Perot cavity the transverse mode profile is
given by
I(x, y) =
√
2
piw2
e−2((x−x0)
2+(y−y0)2)/w2 (E3)
where w is the waist of the mode at the position of the
membrane and x0 and y0 are the position coordinates
of the beam center on the membrane. We normalize the
coupling constants to the value for the fundamental mode
since in the actual experiment we calibrate the coupling
constant using the fundamental mode. With xn(t) the
amplitude of the n-th mode, the total fluctuations of the
cavity normalized detuning are given by
δν(t) =
2G
κ
∑
n
ηnxn(t). (E4)
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Comparing to Eq. 12 of the main text, we can identify
the total displacement as
x(t) =
∑
n
ηnxn(t). (E5)
The spectrum of the linear fluctuations of x, Sxx[ω], is
a linear combination of thermal spectra of each mode,
Sxx,n[ω], due to the fact that the Brownian motion of
different modes are statistically independent. The linear
position fluctuations then are written as
Sxx[ω] =
∑
n
η2nSxx,n[ω]. (E6)
Sxx,n[ω] is also given by the fluctuation-dissipation the-
orem.
Sxx,n[ω] =
2kT
ω
={χn[ω]} (E7)
where χn[ω] is the susceptibility of mode n. The
quadratic fluctuations of x can be calculated using a re-
lation similar to Eq. 11 of the main text
S(2)xx [ω] =
1
pi
∫ ∞
−∞
Sxx[ω
′]Sxx[ω − ω′]dω′, (E8)
where we have dropped the delta function term which is
irrelevant to the numerical model. Having computed the
linear and quadratic spectra of displacement fluctuations,
the linear and quadratic frequency fluctuations are also
calculated accordingly using Eq. 13 and Eq. 14 of the
main text, and finally the total photocurrent spectrum
can be calculated from Eq. 7 (see Eq. F2).
For a thin high stress square membrane with the side
length L, the flexural modes are approximately given by
products of sine waves
unm =
2
L
sin (
2npix
L
) sin (
2mpiy
L
), (E9)
with the mode frequencies Ωnm =
pic
L
√
n2 +m2, where
c =
√
σ/ρ is the speed of acoustic waves in a film with
density of ρ and stress σ. The effective mass for all modes
is equal to M/4, a quarter of the total mass of the mem-
brane. In the data presented in Fig. 3 of the main text,
the membrane is surrounded by a low vacuum environ-
ment: damping is predominantly viscous, with a constant
damping rate given by Γnm = Ωnm/Qnm. Piecing it all
together, the susceptibility of the mode (n,m) is given
by
χnm[ω] =
1
M/4
1
Ω2nm − ω2 − iΓnmω
. (E10)
Finally, we can analytically calculate the linear spectrum
using Eq. E6 and then find the TIN by numerically com-
puting the convolution integral in Eq. E8.
Appendix F: The model of detuning dependence of
total output light noise for MIM cavity with PnC
membrane
As shown in the main manuscript text, the intensity of
light, I(t), and therefore the photodiode signal, is related
to the linear (δν(t)) and quadratic (δν(t)2) fluctuations
of the cavity frequency as
I(t) = |sout,2(t)|2 ∝
|L(ν0)|2
(
1− 2ν0
1 + ν20
δν(t) +
3ν20 − 1
(1 + ν20)
2
δν(t)2
)
, (F1)
where ν0 = 2∆0/κ is normalized detuning. The spectrum
of intensity fluctuations of the output light is given by,
SII [ω] ∝ 4ν
2
0
(1 + ν20)
2
Sνν [ω] +
(3ν20 − 1)2
(1 + ν20)
4
S(2)νν [ω]. (F2)
In an optomechanical cavity operated at high input
power Sνν and S
(2)
νν in general are detuning-dependent
because of the laser cooling/amplification of mechanical
motion.
In order to find the dependence of SII on ∆ some spe-
cific assumptions need to be made about the operating
regime and the frequency of interest. Considering the
case of data in Fig. 5b of the main text, here the noise
level is estimated at the bandgap frequency and there-
fore only the mirror noise is expected to contribute to
Sνν . The mechanical modes of the mirrors are relatively
weakly coupled to the intracavity light and therefore the
dynamical backaction for them can be neglected, result-
ing in detuning-independent Sνν . The intermodulation
noise contribution, on the contrary, is significantly af-
fected by laser cooling. It is natural to suggest (and it is
advocated for by the very good agreement of our conclu-
sions with experimental data) that TIN at bandgap fre-
quencies is dominated by the mixing products of resonant
and off-resonant parts of the membrane thermomechan-
ical spectrum. Dynamical backaction reduces the me-
chanical spectral density on resonance ∝ 1/ΓDBA, where
ΓDBA is the optical damping rate and ΓDBA  Γm is
assumed, and it does not affect the off-resonant spec-
tral density. In the unresolved-sideband regime, which is
typically well fulfilled in our measurements, the optical
damping rate is given by
ΓDBA = −32Ωm
κ
(
2g0
κ
)2
ν0
(1 + ν20)
3
η1|sin,1|2, (F3)
and under our assumptions the spectral density of
quadratic frequency fluctuations at PnC bandgap fre-
quencies follows the detuning dependence of 1/ΓDBA,
S(2)νν ∝
(1 + ν20)
3
|ν0| , (F4)
for ν0 < 0.
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Motivated by this consideration, the experimental data
in Fig. 5b is fitted with the model
SII ∝ 4ν
2
0
(1 + ν20)
2
C1 +
1
|ν0|
(3ν20 − 1)2
1 + ν20
C2, (F5)
where C1 and C2 are free parameters. It was found that
the model very well reproduces the observed variation
of output noise with detuning and the value of C1 found
from the fit is indeed consistent with independently mea-
sured mirror noise, as shown in Fig. 7.
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